Dark matter particles captured in the Sun would annihilate producing a neutrino flux that could be detected at the Earth. In some channels, however, the neutrino flux lies in the MeV range and is thus undetectable at IceCube, namely when the dark matter particles annihilate into e + e − , µ + µ − or light quarks. On the other hand, the same interaction that mediates the annihilations into light fermions also leads, via higher order effects, to the production of weak gauge bosons (and in the case of quarks also gluons) that generate a high energy neutrino flux potentially observable at IceCube. We consider in this paper tree level annihilations into a fermion-antifermion pair with the associated emission of one gauge boson and one loop annihilations into two gauge bosons, and we calculate the limits on the scattering cross section of dark matter particles with protons in scenarios where the dark matter particle couples to electrons, muons or light quarks from the non-observation of an excess of neutrino events in the direction of the Sun. We find that the limits on the spin-dependent scattering cross section are, for some scenarios, stronger than the limits from direct detection experiments.
Introduction
The detection of a high energy neutrino signal from the Sun would strongly point towards exotic physics, most notably the annihilation of dark matter (DM) particles that have been captured in the solar interior. Conversely, the non-observation of a significant excess of events in neutrino telescopes in the direction of the Sun already sets fairly strong limits on the dark matter properties. For example, under the assumption that dark matter captures and annihilations are in equilibrium in the interior of the Sun, present measurements of the neutrino flux by the IceCube experiment set the 90% C.L. upper limit on the spin-dependent DM-proton interaction cross section σ SD < 1.3 × 10 −40 (6.0 × 10 −39 ) cm 2 for a 250 GeV dark matter particle that annihilates into W W (bb) [1] . Remarkably, for annihilation channels producing hard neutrinos (such as W W or τ τ ), the IceCube limits on the spin-dependent interaction cross section are more stringent than those reported by the most sensitive current experiments probing the same interaction, COUPP [2] and SIMPLE [3] .
For some annihilation channels, however, the limits are much weaker, for instance when the dark matter annihilates into e + e − , µ + µ − or qq, with q = u, d, s. Due to the high density of matter in the interior of the Sun, where the annihilations take place, muons and light hadrons (such as pions and kaons) are quickly stopped before they decay. Therefore, the annihilation into muons or into light quarks produces neutrinos with an energy smaller than ∼ 100 MeV. Besides, annihilations into electrons do not produce neutrinos directly, although the interaction of the energetic electrons with the solar matter produces pions which are in turn stopped before decaying, again producing low energetic neutrinos. All these annihilation channels then produce a neutrino flux with an energy well below the detection threshold of IceCube, although they could be detected at SuperKamiokande [4, 5] .
On the other hand, in scenarios where the dark matter particle annihilates into a fermion-antifermion pair, final states with gauge bosons necessarily occur either from internal bremsstrahlung or from loop induced annihilations. Weak gauge bosons can decay producing energetic neutrinos while gluons produce heavy hadrons, which decay also producing energetic neutrinos, hence opening the possibility of observing in IceCube dark matter signals from the Sun in scenarios where the annihilation is driven by couplings to the electron, the muon or the light quarks. In this paper we will investigate this possibility, and derive limits on this class of scenarios from considering the high energy neutrino flux generated by the higher order processes of internal bremsstrahlung or loop annihilations.
While the annihilation cross sections for the higher order processes are expected to be small, under the common assumption that dark matter captures and annihilations are in equilibrium in the solar interior, the neutrino flux from the Sun is determined, not by the annihilation cross sections, but by the capture rate and by the branching fractions of the different annihilation channels. We will argue that, for some scenarios, the branching fraction for the higher order annihilation processes with gauge bosons in the final state is sufficiently large to produce a high energy neutrino flux at the reach of IceCube, for values of the spin-dependent interaction cross section in agreement with the limits set by the direct search experiments COUPP and SIMPLE.
The paper is organized as follows. In Section 2 we undertake a model independent analysis where the tree level dark matter annihilation into a fermion-antifermion is mediated by a contact interaction, and consider separately the limits on the dark matter interaction cross section with protons in scenarios where the most important source of high energy neutrinos is either the annihilation into a fermion-antifermion pair with the associated emission of a gauge boson or the one loop annihilation into two gauge bosons. In Section 3 we focus on a toy model with a Majorana dark matter particle that couples to a light fermion via a Yukawa coupling with a scalar, and where the branching ratios for the two-to-three and the one loop annihilations are calculable in terms of the parameters of the model. Lastly, in Section 4 we present our conclusions. We also include appendices including fitting formulas for the (anti-)neutrino spectra generated by the final state radiation of a gauge boson, tables with the upper limits on the scattering cross section assuming annihilations into ZZ and gg for various dark matter masses, and the expressions for the annihilation cross sections in the relevant channels in the toy model discussed in Section 3. Figure 1 : Feynman diagrams for the two-to-two annihilation into a fermion-antifermion pair via a contact interaction (left), as well as for the two-to-three annihilation with the associated emission of a gauge boson V (center) and the one-loop annihilation into two gauge bosons V and V (right). The last two diagrams contribute to the high energy neutrino flux from the Sun from the decay or the hadronization of the gauge boson in the final state.
Contact interactions
We consider in this section scenarios where the dark matter particle annihilates into a fermion-antifermion pair, DM DM → ff , with f an electron, a muon or a light quark, under the assumption that the particles that mediate the interaction are very heavy, such that the annihilation can be described by a contact interaction (see Fig. 1 , left plot). We also assume that the dark matter particle is a SU (2) L singlet, hence the tree level annihilations into W + W − or ZZ, which necessarily occur for larger SU (2) L representations and which would dominate the high energy neutrino flux, cannot take place.
As discussed in the introduction, dark matter annihilations into electrons, muons or light quarks occurring in the interior of the Sun will not generate a high energy neutrino flux at the Earth. On the other hand, all the Standard Model fermions interact with the Z boson. Therefore, if the dark matter particle annihilates into ff , the higher order annihilation process into ff Z will necessarily occur, provided it is kinematically accessible, from the radiation of a soft Z boson off the final fermion [6, 7] (see Fig. 1 , middle plot). If the fermion is a SU (2) L doublet, the annihilation into ff W ± is also possible, with f and f the fermions forming the SU (2) L doublet. Note that under the assumption that the dark matter particle is a SU (2) L singlet (and therefore carries no hypercharge as required by the electric charge neutrality) the weak gauge boson cannot be emitted from the initial state but just from the final state. Finally, if the fermion in the final state is a quark, the higher order process into ff g will also occur. Furthermore, the same contact interaction that induces the annihilations into ff necessarily induces the annihilation into γγ, γZ and ZZ at the one loop level; for left-handed fermions the annihilation into W + W − also occurs, and for colored fermions, the annihilation into gg (see Fig. 1 , right plot). In this section we will investigate the possibility of probing in IceCube scenarios where the dark matter annihilation is driven by a coupling to the electron, the muon or a light quark, from the high energy neutrino flux produced in the decay or the hadronization of the gauge bosons produced by these two higher order annihilation processes.
The differential neutrino flux from the annihilation of dark matter particles captured in the interior of the Sun reads:
where d = 1.5 × 10 11 m is the distance between the Sun and the Earth, Γ A is the total annihilation rate and dN i ν /dE ν is the energy spectrum of neutrinos produced in the annihilation channel i with branching ratio BF i . Under the common assumption that dark matter captures and annihilations are in equilibrium in the interior of the Sun, the annihilation rate reads [8] :
where Γ C is the capture rate, which can be calculated from the scattering cross section of the process dark matter-nucleon and relies on assumptions on the density and velocity distributions of dark matter particles in the Solar System, as well as on the composition and density distribution of the interior of the Sun [9] . In our numerical analysis we have used DarkSUSY [10] to determine the capture rate, adopting the value v 0 = 270 km/s for the 3D velocity dispersion of the homogeneous Maxwell-Boltzmann dark matter distribution [11] and ρ local = 0.3 GeV/cm 3 for the local dark matter density. For m DM 1 TeV, we find that the capture rate is approximately given by:
When equilibration between captures and annihilations is attained in the Sun, the high energy neutrino flux depends critically on the branching ratios of the annihilation channels producing hard neutrinos (see Eq. (1)). The relevant annihilation processes can be classified in three groups: i) the two-to-two annihilation into a fermion-antifermion pair, ii) the two-tothree annihilation with the associated production of a gauge boson from final state radiation and iii) the two-to-two annihilation into gauge bosons via loops. It is important to note that in the contact interaction limit the weak gauge boson in the process ii) can only be emitted from the final state, and hence the rate for the two-to-three annihilation is proportional to the rate for the two-to-two annihilation into a fermion-antifermion pair. Then, there are only two independent groups of processes, namely i) and iii), hence allowing to identify two possible scenarios, depending on whether the rate for the two-to-two annihilation into fermions is much larger or much smaller than the rate for the loop annihilations.
Loop annihilations subdominant
This scenario arises when the dark matter particle annihilates dominantly into a fermionantifermion pair, as is the case, for example, when the dark matter particle is a Dirac fermion that annihilates into f LfL or f RfR , or a Majorana fermion that annihilates into f LfR or f RfL (in both cases, the annihilation proceeds in the s-wave with neither helicity nor velocity suppressions). Hence, the two-to-three annihilation with the associated emission of a gauge boson will have a larger rate than the loop annihilation and will be the most important source of high-energy neutrinos, since the former process is suppressed with respect to the annihilations into a fermion-antifermion pair only by two powers of the weak coupling constant, while the latter by four.
The radiation of gauge bosons from the final state can be described by a set of parton distribution functions D f →V (x) which only depend on the quantum numbers and spin of the final state particle. D f →V (x) can be interpreted as the probability of radiating a gauge boson, V = Z, W, g, off a final state fermion, f , with a fraction x of the energy of the The spectrum of neutrinos originating from the final state radiation is then modified in order to take into account the effect of the dense medium where the annihilation takes place, similarly as in [19] . Namely, muons and light hadrons are stopped, while the energy loss and subsequent decay in flight of taus and heavy hadrons were simulated following the chain of scatterings they undergo inside the Sun. Lastly, the neutrino propagation from the solar interior to the surface and eventually to the Earth was calculated using the Monte Carlo code WimpSim [20] adopting the most recent best fit values for the neutrino oscillation parameters [21] . We include in Appendix A fitting functions for the (anti-)neutrino spectra at the Earth produced in various annihilation channels including the final state radiation of weak gauge bosons and (for quarks) gluons.
Finally, we calculate the induced number of (anti-)muon events in IceCube following the approach of [22] , using the effective area presented in [23] , and derive an upper limit on the spin-independent and spin-dependent interaction cross sections with protons (assuming isospin invariance) from the non-observation in IceCube-79 of an excess of events with respect to the expectations from the atmospheric background. To optimize the limits we choose for each dark matter mass the cut angle between the reconstructed muon direction and the Sun that gives the best constraint under a background only hypothesis, as described in the Appendix of [19] .
The limits on the spin-dependent and spin-independent interaction cross sections are shown, respectively, in the left and right plots of Fig. 2 , for the annihilations into first and second generation leptons (top plots), first generation quarks (middle plots) or second generation quarks (lower plots). We also show for comparison the limits from the direct search experiments COUPP [2] and SIMPLE [3] , for the spin-dependent limits, or XENON100 [24] and LUX [25] , for the spin-independent limits, as well as the limits reported in [4] from considering just the two-to-two annihilation into a fermion-antifermion pair and which only produces MeV neutrinos. We find that, for scenarios where the dark matter particle couples just to light fermions, the inclusion of the final state radiation allows to probe regions of the parameter space which were unconstrained by previous searches for dark matter annihilations in the Sun. Remarkably, the limits on the spin-dependent cross section derived in this paper are, in some instances, comparable to the limits from COUPP and SIMPLE; the limits from XENON100 and LUX are, as expected, much stronger than the spin-independent limits from IceCube.
As apparent from the plots, the limits on the cross section for annihilations into f RfR , with f = e, u, d, are all comparable. In the leptonic case the only source of high energy neutrinos is the decay of the Z boson produced in the electroweak bremsstrahlung process DM DM → f RfR Z, while in the hadronic case also the gluon bremsstrahlung DM DM → f RfR g is relevant. The neutrino flux originated in the final state f RfR Z is proportional to the hypercharge of the fermion squared. Besides, we numerically find the contribution from the gluon bremsstrahlung to the total neutrino flux comparable to the contribution from the electroweak bremsstrahlung. As a result, the difference among the limits for f = e, u, d is of O(1). We also show in the plot the limits for the final states µ RμR and s RsR . Since fermions of different generations have identical gauge quantum numbers, the limits for these two final states are identical to those for e RēR and d RdR , respectively. Lastly, the limits for annihilations into c RcR are much stronger than in the other channels, due to the production of heavy hadrons, and in turn energetic neutrinos, in the hadronization of the charm (anti-) quarks.
On the other hand, the limits for the annihilations f LfR significantly differ depending on whether f is a charged lepton or a quark.
2 In this scenario, apart from the emission of a soft Z boson off the fermions in the final state, it is also possible the emission of a soft W boson off the left-handed fermion. In the case of the lepton, this process produces a hard neutrino with an energy close to the dark matter mass, while the neutrinos produced in the decay of the soft weak gauge boson from the final state radiation have much lower energies. As a result, the limits on the channel e LēR /µ LμR are significantly stronger than for u LūR or d LdR /s LsR . Note also that the limits for the channels q LqR are stronger than for q RqR , which is due to the hypercharge assignments of the quarks in the final state and due to existence of one additional annihilation channel, q LqR W .
Lastly, for annihilations into f LfL again the limits for the leptonic channels are much stronger than for the hadronic channels. Due to the SU (2) L invariance, the annihilation necessarily produces both particles of the doublet with comparable rates, since the scale of the contact interaction (related to the mass of the new particles that induce the annihilation) is assumed to be much larger than the scale of electroweak symmetry breaking. More specifically, the possible final states including light left-handed leptons or quarks are e LēL + ν eνe , µ LμL + ν µνµ , u LūL + d LdL and c LcL + s LsL . In the first two cases, the twoto-two annihilation already produces hard neutrinos, as well as in the fourth case, from the interaction cross section from the non-observation of a high energy neutrino flux in the direction of the Sun in scenarios where the dark matter particle annihilates via a contact interaction to first and second generation leptons (top plots), first generation quarks (middle plots) or second generation quarks (lower plots). The green dashed line shows the limit derived in [4] from the MeV neutrino flux produced in the annihilation into a fermion-antifermion pair, while the red, blue and purple lines are the limits derived in this paper from considering the final state radiation of gauge bosons off the external legs. We also show for comparison the best limits on the scattering cross section from direct detection experiments.
hadronization of the charm quark. Hence, the limits on the cross section in this scenario are expected to be rather stringent for couplings to first and second generation left-handed leptons, as can be seen from the plot, and to a lesser extent, for couplings to second generation left-handed quarks. In contrast, for annihilations into first generation left-handed quarks, the emission of W and Z bosons off the final state is necessary in order to produce hard neutrinos, resulting into weaker limits.
Loop annihilations dominant
In some models the lowest order annihilation process into a fermion-antifermion pair can be s-wave and p-wave suppressed. A notable example are scenarios where the dark matter particle is a Majorana fermion that couples to a a light fermion of a definite chirality. In these scenarios, the s-wave annihilation into f RfR (or f LfL ) is helicity suppressed, concretely by m 2 f /m 2 DM , while the p-wave annihilation is suppressed by the small velocity of the dark matter particles inside the Sun. Higher order processes, however, might not be s-wave suppressed. In particular, the loop induced annihilation into two gauge bosons, despite being loop suppressed, is not helicity suppressed and might have a much larger rate than the two-to-two annihilation into a fermion-antifermion pair (or the related two-to-three annihilation with the associated emission of a gauge boson).
Depending on the gauge quantum numbers of the fermions involved in the annihilation, various final states are possible: γγ, γZ, ZZ, W + W − or gg. The annihilation cross sections depend on the concrete Lorentz structure of the contact interaction, however in the limit m DM m f the cross sections of the different channels are in simple relations, which are shown in Table 1 . In this table, C loop is a common factor of all cross sections, which depends on the nature of the effective coupling and which factors out when calculating the branching fractions. Besides, Σ γZ , Σ ZZ , Σ W W are phase space suppression factors which depend on the concrete effective operator inducing the annihilation and which take different values depending on whether parity is conserved or not in the annihilation process. The phase space suppression factors were derived in [26] for s-wave annihilation of Majorana fermions into gauge bosons and read:
where in the last equation V can be either a Z or a W boson. The upper limit on the scattering cross section in this scenario, σ max SD/SI , can be approximately calculated from the branching fractions in the various channels, BF i , and the limits on the scattering cross section in the corresponding channel σ Table 1 : Annihilation cross section of the various loop annihilation channels into two gauge bosons in scenarios where the dark matter particle couples to a fermion-antifermion pair via a contact interaction. Here, N C = 3 for quarks and N C = 1 for leptons, I = 1/2 for coupling to SU (2) L doublets and I = 0 for singlets, and Y is the hypercharge of the corresponding Standard Model fermion.
BF i = 1):
The values of σ
SD/SI (m DM ) to a 10% accuracy. Besides, the upper limit on the scattering cross section for the γZ channel can be calculated from the upper limit for the ZZ channel by weighting by the following factor:
where Γ C (m DM ) is given in Eq. (3). This relation comes from the fact that the energy of the Z boson, and therefore the neutrino energy spectrum, produced in the annihilation of dark matter particles with mass m DM into γZ is identical to the energy of the Z boson produced in the annihilation of dark matter particles with mass
into ZZ, and with a multiplicity which is in the former case a factor of two smaller than in the latter case. Therefore, Eq. (10) can be cast as:
which just depends on the branching fractions of the various channels, which can be calculated from the values of (σv) given in We show in Fig. 3 the resulting limits on the spin-dependent (left plots) and spinindependent (right plots) scattering cross section with protons for loop-dominated annihilations arising in scenarios where the dark matter particle couples to leptons (upper plots) or to quarks (lower plots), together with the best limits from direct search experiments. In the plot we show the results for the two possible phase space suppression factors for annihilations into two gauge bosons, depending on whether the contact interaction is P -even or P -odd, in Eq. (9) . Remarkably, the limits are quite insensitive to this model dependent factor, even close to the production threshold.
It is apparent from the plot that the limits for dark matter scenarios with couplings to leptons are more stringent than for couplings to quarks, due to the larger branching fraction of the channels with weak gauge bosons in the final state, which produce hard neutrinos. It is also apparent from the plot that the limits for dark matter scenarios with couplings to left-handed particles are stronger than for couplings to right-handed particles, which is due to the additional annihilation channel W + W − in the former case as well as the different hypercharges of the fermions circulating in the loop. It is interesting that the IceCube limits on the spin-dependent interaction cross section are, for the leptonic case, significantly stronger than the limits from direct search experiments; for the hadronic case the IceCube limits are slightly weaker than the direct detection limits for couplings to righthanded quarks and slightly stronger for couplings to left-handed quarks. In contrast, the limits for the spin-independent interaction cross section from the direct search experiments XENON100 and LUX are stronger than the IceCube limits.
Toy model with Majorana fermions as dark matter
In a model where the dark matter particle couples to fermions, the two-to-two annihilations into a fermion-antifermion pair, the two-to-three annihilations with the associated emission of a gauge boson and the one loop annihilation into two gauge bosons will necessarily occur. However, the branching fraction for each of these processes depends on the details of the model, and accordingly the IceCube limits on the model parameters.
In this section we discuss in detail a well motivated class of dark matter models where the dominant annihilation channels are the higher order two-to-three and loop processes, due to the helicity and velocity suppression of the two-to-two annihilation cross section into light fermions. Concretely, we will analyze a toy model where the dark matter particle is a Majorana fermion χ, singlet under the Standard Model gauge group, that interacts with a light right-handed fermion f R and a scalar η via a Yukawa interaction with coupling strength y. The Lagrangian of the model is given by
Here, L SM is the Standard Model Lagrangian, while L χ and L η are the parts of the Lagrangian involving just the new fields χ and η and which read, respectively 
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Figure 3: 90% C.L. limits on the spin-dependent (left plots) and spin-independent (right plots) interaction cross section from the non-observation of the high-energy neutrino flux produced in the one loop annihilation into two gauge bosons in scenarios where the dark matter particle couples to leptons (top plots) or to quarks (bottom plots) via a contact interaction. We also show for comparison the best limits on the scattering cross section from direct detection experiments.
where D µ denotes the covariant derivative. Lastly, the interaction term in the Lagrangian is given by
Here, Φ is the Standard Model Higgs doublet and η is a scalar field with quantum numbers under ) and (3, 1, −
) for couplings to down-and up-type right-handed quarks, respectively. Notice that all the masses and couplings of the dark sector can be taken real, hence CP is conserved. In what follows we will set for simplicity λ 3 = 0.
The Feynman diagrams that induce the two-to-three and the loop processes in this toy model are shown in Fig. 4 and the corresponding expressions for the cross sections are presented in Appendix C. For couplings to right-handed electrons or right-handed up/down quarks we find that the total annihilation cross section can be approximated by: ( arise from the two-to-three processes, while those scaling as (m η /m χ ) −4 correspond to the loop diagrams. It follows from Eq. (16) that for small mass splittings, m η /m χ 1, the dominant annihilation process is the two-to-three channel, while for large mass splittings, m η /m χ 1, the loop processes dominate; the transition between both regimes occurs at m η /m χ ∼ 3 (2) in the case of coupling to right-handed electrons (right-handed up-or down-quarks).
For the analysis of the annihilation signals from the Sun, and under the assumption that dark matter captures and annihilations are in equilibrium in the solar interior, only the branching fractions are relevant, which depend on m χ and m η or, alternatively, on m χ and m η /m χ . The branching fractions for couplings to right-handed electrons (right-handed up-quarks) are shown in the left plot (right plot) of Fig. 5 for m η /m χ = 2 as a function of the dark matter mass (upper plots) and for m χ = 1000 GeV as a function of m η /m χ (lower plots); the results for couplings to down-quarks are qualitatively similar to the case of the up-quarks.
The channels producing hard neutrinos are f RfR Z (dashed red line), γZ (dashed blue line), ZZ (dotted blue line) and, in the case of couplings to quarks, f RfR g (dotted-dashed red line) and gg (dotted-dashed blue line). As apparent from the plot, the branching fractions for these channels can be sizable in both the degenerate and the hierarchical scenario. Approximate expressions for the branching fractions in the relevant channels can be found in Table 2 ; the numerical values in these formulas have been obtained evaluating, for illustration, the strong coupling constant at the scale m χ = 1 TeV.
The sizable branching fraction into these channels then allows to set constraints on this model from the non-observation of a significant neutrino excess in the direction of the Sun with respect to the expected atmospheric background. We calculate the neutrino spectra from the decay and hadronization of the gauge bosons using PYTHIA 8.176 [15, 16] (interfaced with CalcHEP [27, 28] in the case of the two-to-three processes) and we then derive limits on the interaction cross section with protons following the procedure described in Section 2.1. The resulting limits on the spin-dependent (left panel) and spin-independent (right panel) cross section are shown in Fig. 6 , for dark matter annihilations mediated by couplings to right-handed electrons (upper plots) and right-handed up-or down-quarks (lower plots) as a function of the dark matter mass, for eight different values of the parameter It is noticeable from the plot that the limits are quite insensitive to the value of m η /m χ . Namely between the degenerate case (m η /m χ 1) and the hierarchical case (m η /m χ 1) the limits differ by approximately a mere factor of 2 for the case of couplings to e R , between 1 and 1.5 in the case of couplings to u R and between 1 and 1.8 in the case of couplings to d R . In the case of couplings to e R this result can be understood from the fact that in the degenerate case the most important annihilation channel producing hard neutrinos is the two-to-three annihilation into e RēR Z, while in the hierarchical case it is the loop annihilation into γZ. In the degenerate case, the energy of the Z-boson is close to the dark matter mass, therefore it is possible to derive an approximate limit on the spin-dependent and spin-independent interaction cross sections from the corresponding limits in the ZZ channel given in Appendix B. This limit reads
On the other hand, in the hierarchical case, since m η /m χ 1, the annihilation can be 
which differs from Eq. (17) by a factor of 2.
In the case of couplings to u R or d R , channels involving a Z boson as well as channels with a gluon in the final state also contribute to the limits. Concretely, in the case of couplings to u R , a similar argument as above leads to
and
where we defined ξ SD/SI (m χ ) ≡ σ max,gg SD/SI (m χ ) /σ max,ZZ SD/SI (m χ ). In Eqs. (19) and (20), the second term in each denominator parametrizes the contribution of the annihilation channels containing a Z boson in the final state. From the results in Appendix B it follows that ξ SD/SI (m χ ) is a decreasing function of m χ , hence the relative contribution to the limits of annihilation channels involving a Z boson gets smaller for larger dark matter masses m χ . Concretely, for m χ = 10 TeV, the limits dominantly arise from the channels u RūR g (gg) in the degenerate (hierarchical) case, and consequently the ratio of σ max,deg SD/SI and σ max,hier SD/SI is 2, as it is in the case of couplings to e R . For smaller m χ , also the annihilation channels u RūR Z and γZ, ZZ contribute significantly to the limits, and it follows from Eqs. (19) and (20) that due to BF u RūR Z > BF ZZ + BF γZ /2, the upper limits in the degenerate case improve to a larger extent than in the hierarchical case when lowering m χ . Hence, as shown in Fig. 6 , the upper limits are even more insensitive to the mass splitting m η /m χ at m χ 1 TeV than at 10 TeV. Similar arguments also apply in the case of couplings to d R .
In Fig. 6 , we also show for comparison the limits on the spin-dependent interaction cross sections from COUPP and SIMPLE, and on the spin-independent interaction cross sections from XENON100 and LUX. For couplings to leptons, the limits on the spin-dependent cross section are significantly stronger than the direct detection limits, while for quarks they are weaker, since in this case the dark matter particle annihilates mostly into final states involving gluons which have a much larger branching fraction than those involving weak gauge bosons. On the other hand, the limits on the spin-independent cross section from IceCube are much weaker, at least one order of magnitude than the direct detection limits for couplings to e R and at least two orders of magnitude for couplings to u R .
Conclusions
We have investigated the impact of higher order annihilation processes in the generation of a high energy neutrino flux from dark matter annihilations in the Sun in scenarios where the dark matter particle couples to the electron, the muon or to the light quark. We have argued that, while the annihilation into a fermion-antifermion pair generates only MeV neutrinos, the associated emission of a gauge boson off the final state and the loop induced annihilation into two gauge bosons do generate a high energy neutrino flux, thus opening the possibility of probing these scenarios at IceCube.
We have first adopted a model independent approach where the annihilation into the fermion-antifermion is induced by a contact interaction and we have considered two limiting scenarios depending on which is the most important source of high energy neutrinos, whether the loop annihilations or the final state radiation of gauge bosons. In both cases, we have derived limits on the spin-dependent and spin-independent dark matter interaction cross sections with protons under the assumption that captures and annihilations are in equilibrium in the solar interior. We have found fairly stringent limits for the spin-dependent scattering cross section for dark matter masses between 100 GeV and 10 TeV which are complementary to the limits from the direct search experiments COUPP and SIMPLE and, in the case of coupling to leptons, stronger.
Lastly, we have carefully analyzed the neutrino signals in a toy model consisting in a Majorana fermion as dark matter particle that couples to a right-handed electron or first generation quark via a Yukawa coupling with a scalar. The branching ratios of the different processes are calculable in this model: the two-to-two annihilation into a fermion-antifermion pair is helicity-and velocity-suppressed, and always negligible, while the two-to-three and loop induced annihilations into weak gauge bosons have a sizable branching fraction, their relative importance being dependent on the parameters of the model. More specifically, the two-to-three process dominates when the scalar that mediates the interaction is degenerate in mass with the dark matter particle, while the loop process dominates when there is a large mass hierarchy between them. We have found that the limits on the interaction cross section depend mildly, at most by a factor of two, on the mass of the scalar particle that mediates the interaction. Furthermore, we have found stringent limits on the spindependent interaction cross section for the model where the dark matter particle couples to right-handed electrons, which are stronger than the limits set by direct search experiments.
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A Fit coefficients for the neutrino spectra from final state radiation
In this appendix, we provide fit functions for the (anti-)neutrino spectra originating from annihilations of dark matter particles with mass m DM that couple to a fermion-antifermion pair through a contact interaction. Concretely, the radiation of weak gauge bosons and/or gluons off the fermion of the final state produces a (anti-)neutrino spectrum at Earth with a differential spectrum per annihilation that we fit by the function
The parameters of the fit a i , b i and E 0 are given in the tables shown below, for couplings to
Here E is the (anti-)neutrino energy in GeV and dΦ dE in units of cm −2 GeV −1 . All lines not containing an entry for E 0 correspond to a fit with E 0 > m DM > E, and hence only the parameters a i are shown in these cases.
Furthermore, we show in Fig. 7 a sample of neutrino spectra at Earth, comparing the full numerical results with the corresponding fit functions. As apparent from the plots, the fit functions provide a good description of the neutrino spectra for 10 GeV < E < 2 TeV, which is the energy range relevant for neutrino detection (for E > 2 TeV neutrino energy losses due to interactions with solar matter become very efficient, resulting in very suppressed fluxes [29] ).
Coupling B Upper limits on the scattering cross sections for DM DM → ZZ and gg
As explained in this paper, the upper limit on the interaction cross section in scenarios where the dark matter annihilation is driven by a coupling to the electron, the muon or a light quark can be approximately calculated from the corresponding upper limits assuming annihilations into ZZ and gg. The 90% C.L. limits on the spin-dependent and spin-independent interaction cross section for dark matter annihilating either to ZZ or gg are summarized in Table 3 as a function of the dark matter mass and shown in Fig. 8 . The limits were obtained, following [19] , by choosing the cut angle between the reconstructed muon direction and the Sun that gives the best constraint under a background only hypothesis; the cut angle as a function of the dark matter mass is different for the ZZ channel and for the gg channel.
C Annihilation cross sections
We include in this appendix the expressions for the relevant annihilation cross sections in the toy model discussed in Section 3 in the limit m f → 0 and keeping the lowest order in the expansion in the relative dark matter velocity v. In the following formulas, y is the Yukawa coupling between the Majorana dark matter particle χ, the scalar η, and the right-handed Standard Model fermion f R , which has electric charge q f and color N C . The cross-sections for annihilations into f RfR were calculated in [30] , for γγ and gg via a one-loop diagram in [31, 32] , for γZ in [33] , for f RfR γ in [34, 35, 36] , for f RfR Z in [37] and for f RfR g in [35] ; to the best of our knowledge, the cross-section for annihilations into ZZ at one loop is derived for the first time in this paper. 
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